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PsJ , Abstract. We introduce a natural definition of Riesz measures and 

Wishart laws associated to an ri-positive (virtual) quadratic map, where 
Q C M" is a regular open convex cone. We give a general formula for 
moments of the Wishart laws. Moreover, if the quadratic map has an 
equivariance property under the action of a linear group acting on the 
cone O transitively, then the associated Riesz measure and Wishart law 
are described explicitly by making use of theory of relatively invariant 
distributions on homogeneous cones. 



H 



§1. Introduction. 



> 

f^^ ■ Riesz measures and distributions on convex cones form one of fundamental tools 

' of harmonic analysis and of the theory of the wave equation, cf. [1] in the case of 

symmetric cones and [6], [H] for homogeneous cones. Moreover, exponential fam- 
Q ■ ilies generated by Riesz measures are composed of Wishart laws and are of great 

significance in random matrix theory and in statistics. 

K> ! Wishart laws are probability distributions on symmetric or Hermitian matrices 

j^ ■ with very important applications in multivariate statistics. Their role in statistics 

is due to two reasons: 

- they are probability distributions of the maximum likelihood estimator(MLE) 
of the covariance matrix in a multivariate normal sample ([2D], [Ij)- 

- in Bayesian statistics, Wishart laws form a Diaconis-Ylvisaker family ([3]) of 
prior distributions for the covariance parameter in a covariance selection model 

([19]). 

On the other hand, recent developments in random matrix theory of chiral Gauss- 
ian ensembles containing Wishart laws, are intense and motivated by applications 
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in mathematical physics, cf. [IS] and references therein. 

These numerous modern apphcations of Wishart laws make it necessary to de- 
velop the theory of Wishart laws and Riesz measures on more general cones than 
in the classical case of the symmetric cones of real symmetric or complex Hermit- 
ian matrices. For example, in an r-dimensional Gaussian model X, if the marginal 
variables Xi and Xj are known to be conditionally independent given all the other 
variables, the statistical analysis of the covariance matrix of X must be done on 
the cone V of positive definite symmetric matrices Y with Yij = Yji = and on 
its dual cone Q ([E]). The cones V and Q are usually no longer symmetric. This 
led to some important papers in recent statistical and probabilistic literature about 
Wishart laws on more general cones: homogeneous cones ([I]) or cones related to 
graphical models ([19]). In these papers, Wishart laws are introduced via their den- 
sity functions (see Section 3.8). 

In our paper we construct and study Riesz measures and Wishart laws on regular 
convex cones via quadratic maps. For a regular open convex cone f2 C M" and 
an fi-positive quadratic map q : M™ — )■ M", the Riesz measure associated to q is 
defined as the image of the Lebesgue measure dx on M™ by q. Wishart laws studied 
in this paper are obtained from M'^-valued normal random vectors X as the law 
of Y := q{X)/2. This is a classical natural approach to Riesz measures ([!]) and 
Wishart laws ([2D],[1]) and we propose to extend it to a much more general setting. 

In Section 2 of the paper we explain the details of the quadratic construction 
of Riesz measures on regular convex cones and next we define the corresponding 
Wishart laws. We compute their Laplace transforms, what is the starting point 
to get formulas for their expectation, covariance and higher moments (Theorems 
12.51 and 12. 6p . More general Riesz and Wishart distributions associated to virtual 
quadratic maps are introduced in Section 2.3. Moments formulas are generalized 
(Theorem 12. 9p . Group equivariance of Wishart laws is studied at the end of the 
section. 

Section 3 of the article is thoroughly devoted to the case when fi is a homogeneous 
cone and the quadratic map q is homogeneous. A crucial role in the analysis of 
these maps and of related Riesz measures and Wishart laws is played by a matrix 
realization of any homogeneous cone, coming from [H] and explained in Section 3.2. 



It allows, among others, to define basic and standard quadratic maps in Sections 
3.3 and 3.4. They play a role of generators for homogeneous quadratic maps q 
needed to construct all Riesz measures and Wishart laws on Vt. Next we apply the 
results of [TT] on Gindikin-Riesz distributions on Vt and on the orbit decomposition 
of f2, the closure of f2. We explain the relation between Riesz measures related to 
homogeneous quadratic maps and the Gindikin-Riesz distributions on Vt (Theorem 
13. 9p . In Section 3.7, we prove the Bartlett decomposition for the Wishart laws on 
homogeneous cones (Theorems 13. Ill and 13. 13( ) . 

Families of Wishart laws that we construct and study in Section 3 comprise 
Wishart distributions studied in papers [1] and [19] (homogeneous case) and are 
significantly bigger: we describe all singular Wishart laws and many more abso- 
lutely continuous Wishart laws than in papers [1] and jT9] . For the symmetric cone 
case, our Wishart laws cover the ones studied in [10] as well. All the results of 
Section 2 apply to them, in particular the formulas for the moments. 

Throughout the paper and from its very beginning all our concepts are illustrated 
on important examples, including a non-homogeneous cone (Example 1 Section 2), 
symmetric cones of positive definite real symmetric matrices 11^ (Example 2 Section 
2), 4-dimensional Lorentz cone(Example 5 Section 3), and non-symmetric but ho- 
mogeneous Vinberg cone and its dual(Example 3 Section 2). 

Acknowledgement. We thank Professors Gerard Letac and Yoshihiko Konno for 
discussions on the topic of the article. 

§2. Riesz measure and Wishart law on a convex cone. 

2.1. Regular cones and quadratic maps. In this paper, an open convex cone 
r2 C M" is always assumed to be regular, that is, Vt fl (— f^) = {0}, where Vt denotes 
the closure of Vt. Then the dual cone fi* := { r/ G (M")* ; (y, r/) > (Vy G H \ {0}) } 
is a regular open convex cone again in the dual vector space (M")*, and we have 
iVt*)* = fi. An M"-valued quadratic map q : M™ — )■ M" is said to be Vt-positive if 
(i) q{x) G VL for all x G W^, and (ii) q{x) = implies x = 0. These (i) and (ii) are 
restated in a single condition q{x) G fi \ {0} (Vx G W^ \ {0}). For the quadratic 
map g, we define the associated linear map (j) = (j)q : (R")* — t- Sym(?7i, M) in such a 
way that 

V(/.(r/)x = (g(x), r/) (r/ G (M")*, x eW^). 



Then the fi-positivity of q is equivalent to the following property of 



(2.1) 



?7 G fi* =^ 0(77) is positive definite. 



Example 1. Let Vt be the open convex cone in M^ defined by 

fi := <( ti I + t2 + t3 1 + t4 1 I ; tl, t2, ts, t4 > 



(2.2) 



2/1 

?/2 I e M'' ; yi > 0, 1/2 > 0, -yi + 1/3 > 0, -y2 + 2/3 > 

.2/3> 



If we identify (M )* with M by (y, r/) := yi?7i + 2/2^2 + 2/3^73 (y, ?? £ I^ ), we have 
(]* = <; ti I + 12 1 + ta + 14 -1 I ; ti, t2, ^3, ^4 > 

r/2 G M^ r/3 > 0, r/i + r/3 > 0, r/i + r/2 + r/3 > 0, r/2 + ^3 > 
see [13] . Let g : M^ — ;■ R^ be the quadratic map given by 

q{x) := {x,f I j + [x^f | j + (^3)^ f 1 j + (^4)^ ( 1 | (x G ™^^ 
Clearly, this g is fi-positive. By a simple calculation, we have 



0(r/) 



fv3 \ 

r/1 + r/3 

?7i + ?72 + ?73 

yo r/2 + r/3/ 



(^e 



!)3n*\ 



Example 2. Let 11^ be the set of positive definite real symmetric matrices of size 
r. Then 11^ is a regular open convex cone in the vector space Sym(r, M) of real 
symmetric matrices. If we identify the space Sym(r, M) with its dual vector space 
by the inner product (y, r/) := ti (yrj) {y, r] G Sym(r, M)), then the dual cone 11* 
coincides with 11,.. We define g^-.s : Mat(r, s; M) — ?> Sym(r, M) by 



Qr,si^) = x^x (x G Mat(r, s;M)). 



Then q^g is n^-positive. We denote the («,j) component of x G Mat(r, s;]R) by 
Xr{j-i)+ii SO that Mat(r, s; M) is identified with W^. Then we have for 77 G Syni(r, M) 



0(r/) 



V ' J 



G Sym(rs, 



where 77 is put s times. In this case, the map : Sym(r, M) — t- Sym(rs,M) is a 
Jordan algebra representation, and q is exactly the quadratic map associated to the 
representation ([U Chapter IV, Section 4]). 

Example 3. Let ^ be a subspace of Sym(r, M), and put V := 2 fl 11^. Then V 
is a regular open convex cone in Z. Let Q d Z* he the dual cone of V. We shall 
construct a Q-positive quadratic map qz '■ K'' — )■ Z* whose associated linear map 
ipz '■ Z ^- Sym(r, M) equals the inclusion map. Let us define the surjective linear 
map Tiz* '■ Sym(r, M) — )■ Z* by 

{y,TXz^{S)):=tTyS {y e Z, 5GSym(r,M)). 

Then the quadratic map qz '■ M'*" — t- Z* is given by qz{x) '■= '^z*{x'''x) {x G W). In 
fact, for X G M'' \ {0} and 1/ G P we have 

(2.3) {y, qz{x)) = tr (yx^x) = ^xyx > 

because y is positive definite. Therefore we get qz{x) G Q \ {0}, so that qz is Q- 
positive. Keeping the natural isomorphism (Z*)* ^ 2 in mind, we see from fl2.3p 
that (pz{y) = y {y ^ Z). Soon later, we shall consider the cases 

[ (yii \ 

(2.4) Z := <j 1/22 1/32 e Sym(3,M) ; yn, 1/22, ^32, ^33 e I 

[ \ 1/32 y33/ 

and 

{fyii y3i\ 
2/22 ^32 e Sym(3,]R) ; yn, 1/21, I/31, Z/22, 1/33 e 
\y-ii y32 y33/ 

as concrete examples. Actually, in the latter case (12. 5p . the cones Q and V are called 
i/ie Vinberg cone and t/ie dna/ Vinberg cone respectively, which are the lowest dimen- 
sional non-symmetric homogeneous cones ( [23] ) . We shall see another realization of 
the Vinberg cone Q in (13. 6 p and the last paragraph of Section 3.3. 



Let I = {ii, i2, . . . , ik} be a subset of {1, ... , r} with I < ii < 12 < ■ ■ ■ < ik ^ ''^, 
and define 

(2.6) R^ ■={xe]r;x^ = Oiii^I}. 

We denote by g;^ the restriction of qz to the space R^ C W. Clearly q^'-R^^ Z* 
is Q-positive. The associated linear map (p^i : Z — )■ Sym(A;, M) gives a subniatrix of 
elements y E Z, that is, (p^i (y) = {yi^i„), which we denote by yj. 

2.2. Riesz measures and Wishart laws associated to quadratic maps. For 

a regular open convex cone ^2 C M" and an i7-positive quadratic map q : M™ — t- M", 
let fiq be the image of the Lebesgue measure dx on M™ by q. Namely, the measure 
fig on MJ^ is defined in such a way that 

(2.7) / f{y)fi,{dy)= [ f{q{x))dx 

for a measurable function / on M". The fi-positivity of q implies that the support 
of fig is contained in the closure ^2 of the cone Q. By analogy to [H Proposition 
VII. 2. 4], we call fig the Riesz measure associated to q. 

Lemma 2.1. Let : (M")* — t- Sym(?Ti,M) be the linear map associated to q. 
Then, for r] E Q* , the Laplace transform L^^(—r]) := J^„ e"^"^'^' fiq{dy) of fig equals 
7r'"/2(det0(r/))-i/2. 

Proof. By definition, we have L^^(— 77) = J^^ e~ ^'^^'^^^ dx . Since 0(77) is positive 
definite, the assertion follows from a formula of the Gaussian integral. D 



Definition 2.2. The members of the exponential family {7q^6»}6»e-!^* generated by 
fig are called the Wishart laws on Q associated to q. Namely, 

(2.8) -fg,e{dy) := -^^^idv) iv e M"). 



Remark 2.3. By (12.71) . (12.81) and Lemma [2. 1^ we have for a measurable function / 
f{y)jg,e{dy) = n~"^/\det<p{-9)Y/' [ f{q{x))e-'^^^-'^^ dx. 



Putting S := (l){—9) ^ and replacing the variable x by x/a/2, we rewrite the right- 
hand side as 

(27r)-™/2(detS)-^/2 f /(g(a;)/2)e"'"^"'"/2rfx. 

Therefore, if X is an M™-valued random variable with the normal law A^(0, (f){—6)~^), 
then 7^0 is nothing else but the law of Y := q{X)/2. In particular, the classical 
Wishart law as defined in [201 Definition 3.1.3] coincides with our 7^^ in Example 
2. 

Proposition 2.4. LetY be an W"" -valued random variable with the Wishart lawfq^e. 
Then the Laplace transform L^^^ij]) = E{e^'^''^^) of 'jq^g is given by 

L,^M = det(/™ + 0(-e)"V(-^))"'/' 
for 7] ^ -6 -Vt* . 

Proof. By definition, we have L^ ^{rj) = L ^^{9)~^ L ^^{j] + 9). Thus the formula 
follows from Lemma l2.ll and the observation that (det 0(— ^))~^ det 0(— 77 — 9) = 
det(0(-^)-i(0(-e) + (t>{-ri))) = det(I^ + ct>{-9)~^ct>{-ii)). D 

We shall consider the mean and the covariance of the Wishart law 7,^61. First 
we fix a notation for the directional derivative of a function, and recall some basic 
formulas. For a (vector- valued) function / on a domain U C M^, a point a & U 
and a vector v G M^, we denote by Dyf{a) the directional derivative of / at a 
given by D^f[a) := ( Jj-)/j=o/('2 + hv). Now we consider some functions and their 
derivatives on the domain — Ilm in the vector space Sym(?7i, M). First we set f{x) = 
logdet(— x) G M for X G — Ilm- Then we have 

(2.9) DJXa) = -tr {-a)~h (a G -H^, v G Sym(m, R)). 
Next we observe the case f{x) = (— x)~^ G Sym(m, M) for x G —Ilm- Then 

(2.10) DJXa) = {-ayh{-ay^ (a G -H^, w G Sym(m,R)). 

Theorem 2.5. Let Y be an M!^ -valued random variable with the Wishart law 'jq^g. 
(i) Forr] G (M")*, one has 

E{{Y,r^)) = ti<P{-9)-'<P{rj)/2. 

(ii) For ri,ri' G (M")*, one has 

Eii{Y,r]) - M)((F,r/') - M')) = tr0(-^)-V(^)0(-^)^V(V)/2, 

where M := E{{Y,t])) and M' := E{{Y,t]')). 



Proof. Since {7g,e}6ie-n* is the exponential family generated by fig, it is well known 
(|18]) that the mean E{{Y,r])) is given by the derivative D^\ogL^{6), while the co- 
variance E{{{Y,ri) — M){{Y,ri') — M')) equals Dj^Dr,' \ogL^{6). Thus the formulas 
follow from Lemma EH ([23]) and (I2:T0|) because 0(^) G -H^. D 

Let us discuss higher moments of the Wishart law 7g.e. The computation is 
reduced to the derivations of the Laplace transform L^^{6) = 7r™/^(det 0(— 6'))"^/^. 
Namely we have for 771, ..., 777V G (M")* 

E{{Y,vi){Y,V2) ■■■{¥, Vn)) 



D^^D^2 . . .Dr,^L^^{6) 



On the other hand, if f{x) = det(— x)~^ for x G —11^, where p is a real constant, 
the derivative D^^D^., . . . D^,j^f{a) (a G —Hm, ^i, . . . ,vn G Sym(m, M)) is given in 
[SI Lemma 5] . We review the formula briefly. For an element tt of the symmetric 
group ©TV, we write C(7r) for the set of cycles of vr. For y G LI^, we denote by r^(?/) 
the multilinear form oi vi, . . . ,vn given by 



r\iy)ivi,...,VN) ■■= Yl *^(n^^'j)- 



c6C(7r) jec 

Then we have 

D,,D,,...D,J{a) = f{a)- ^ ptt^Wr^((-a)-^)(t;i, . . . ,t;^), 

7re6jv 

which is deduced from fl2.9p and fl2.10p by induction (see |8]). Making use of the 
formula, we obtain 

Theorem 2.6. Let Y be an W^ -valued random variable with the Wishart law 'jq^. 
For rji, ri2, . . . ,riN E (M")*, one has 






2.3. Wishart laws associated to virtual quadratic maps. We shall consider 
virtual quadratic maps, that is a 'formal linear combination' of quadratic maps, 
and the associated Wishart laws. First we introduce the notion of direct sum of 
quadratic maps. Let qi : M™' — )■ M" (i = 1, . . . , s) be fi-positive quadratic maps. 
Then the direct sum q = qi (B q2 ® ■ ■ ■ (B qs is an R"-valued quadratic map on 



s 

q{x) := qi{xi) + q2{x2) -\ h qs{xs) \x = ^Xi, XiGM^'j. 

k=i 

It is easy to see that q is also fi-positive. li qi = q2 = ■ ■ ■ = qs, then the direct sum 

q is denoted by g®*. 

The hnear map </> : (M")* — )■ Sym(m,M) (m := Ylt=i^^i) associated to the direct 

sum q = ^'^ qt is given by 



(2.11) 0(r/) 



fMv) \ 



(r/G 



V Uv)J 

Conversely, if a symmetric matrix 0(?7) is expressed by 0i(?7), . . . , 0^(77) as above for 
all 7] G (M")*, then the corresponding quadratic map q is the direct sum of gi, . . . , g^- 
In Example 1, the quadratic map g : M^ — )■ M^ is the direct sum of 4 quadratic maps 

gj : M 3 X H-> x'^Vi eM.^ [i = 1, . . . , 4), where 

t'l := , t;2 := , ^3 := 1 , q^ := 

In Example 2, we see that gr,s : Mat(r, s; M) — )■ Sym(r, M) is naturally identified with 
q®{. In Example 3 with Z given by (12.41) . we have qz = qz ® Qz 1 while we do 
not have such a decomposition for the case (12. 5p . 

Let qi : M™' — )■ M" (i = 1, 2) be fi-positive quadratic maps, and g the direct 
sum gi © g2. Then it is easy to see that the measure /ig equals the convolution 
/i,, */ig2. Thus, for e G -^* we have L^,(6') = L^^^{e)L^^^{e) and 7g,e = 791,9*7^2,6- 
In general, if we set g = gf ^^ © qf^^ © ■ ■ ■ © gf'^* for fi-positive quadratic maps 

qi : M™^ — > M" (z = 1, 2, . . . , t) and positive integers si, S2, ■ ■ ■ , St, then we have 

t 

(2.12) L,,(^) = n^M.(^r (^e-fi*). 

Now we remark that, even though Sj's are not positive integers, there may exist 
a positive measure fig on Q for which the relation (I2.12p holds. In general, for real 
numbers Si, . . . , Sr, we shall call a formal sum g = gf ^^ ©g®'^^ © ■ ■ ■ ©gf '^* a virtual fl- 
positive quadratic map. The measure fig satisfying (I2.12p is called the Riesz measure 
associated to q. By the injectivity of the Laplace transform, the associated Riesz 
measure /i^ is unique if it exists. In this case, the Wishart laws 7^,9 {9 G —Q*) are 
defined again as members of the exponential family generated by fig. 
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Proposition 2.7. Let qi : M™' — )■ M" (z = 1, . . . ,t) he Q-positive quadratic maps. 
Assume that there exists a measure fig associated to the virtual quadratic map q = 
g®*i ... g®** for certain si, . . . ,st G M. Let Y be an W^ -valued random variable 
with the Wishart law 'jq^. Then the Laplace transform L^^g^r]) = E(e^^'^') of the 
law ^q^0 is given by 

t t 

for 7] e -9 -VL*. 

Proof. We have L^^g{r]) = L ^^{Oy^ L ^^{rj + 6) by definition, and the right-hand 
side equals Y[U{L Joy' L .Xv + 0))'' by (EH. Since L.^^^v) = L,SO)-'L,Xv + 
6), we obtain the first equality. The second equality follows from Proposition l2.4[ D 



Since we see immediately from (12.12^ that 

t 

i=l 

the virtual versions of Theorem 12.51 is given as follows: 



Proposition 2.8. Under the same assumption of Proposition \27}[ one has 

(i) E{{Y,r])) = J2l^s,tTM-9)-'Mv)/^ forve (M'^)*, 

(ii) E{{{Y,7]) - M){{Y,i) - M')) = EliS.tr0,(-^)-V.(^)0^(-^)-V.(V)/2 for 

r],r]' ^{Wy, where M := E{{Y,ri)) and M' := E{{Y,ri')). 

As for higher moments, we generalize the formula in Theorem 12.61 as follows: 



Theorem 2.9. Under the same assumption of Proposition \27^ one has 

Ei{Y,v^){Y,V2)...{Y,VN)) 
•IucCtt) 

7r66iv ceC{7r) k i=l j^c 

forrji, r/2,...,W e (M")*. 



(2.13) = Y.ily'^'^' n |E^'t<n<^^(-^)"V.(r/. 



Theorem 12. 91 easily follows from Theorem 12.61 when si, . . . ,St are positive integers, 
that is, g is a true quadratic map. Indeed, we can consider the associated linear 



11 



map (j) = (j)q in this case, and we have 

t 

jdic i=l jgc 

by virtue of (12. lip . To prove fl2.13p for general case, it is enough to verify that the 
quantity E{{Y, rji) {Y, 772) •• • {Y, ri^)) is a polynomial of Si, . . . , St- For this purpose, 
we make some calculations involving the semi-invariants or the cummulants (cf. 

m)- 

For r] G (M")*, 9 G —Q* and a positive integer k, we denote by 5^(6'; 77) the A;-th 
derivative of logL^^(^) in the direction 77: 

Similarly to Proposition I2.8[ we get 

(2.14) S,ie;v) = ^^^X^s.tr (0,(-^)-V.(r/))'. 

i=l 

On the other hand, since the function L^^ (6) is analytic, we have 



Taking the exponential, we have 



k\ 

k=l 



N" 



L,^{e + hv) = L,^{e) exp(5^ -3,(6; r/) 



(2.15) 



k\ 
fc=i 



°° 1 ^^ i,k 



£=0 fc=i 

Let Y be an M"- valued random variable with the Wishart distribution 7^5). Then 
we have 

so that 



(2.16) L,^{e + M = V(^) 5^ — E((F, r/)^) 



iV!' 

Af=0 



Comparing the coefficients of h'^ in (I2.15P and (12.160 . we obtain 

^ 1 TV' 

i?((y,r/)^) = 5^- 5^ , ,^,;. , , ^fe.(g;^)^fe.(g;r/)...^fe,(g;r/). 

e=l ' ki+k2+-+ki=N -*-■ ^' ^' 
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Substituting fl2.14p to the equality above, we obtain a formula for the higher mo- 
ments. 

Proposition 2.10. One has 

(2.17) 

N .It 

1=1 ki+k2+-+kt=N j=l i=l 

The moments E{(Y, VilO^^ V2) ■ ■ ■ {Y, Vn)) iviy ■ ■ ■ ^Vn G (M")*) can be obtained 
now by polarization, so that it is a polynomial of Si, . . . ,St. Hence the proof of 
Theorem 12.91 is completed. We note that f l2.13p with rji = ■ ■ ■ = tjn = f] becomes 
(12.171) . which means that Proposition I2.1U] together with the polarization process 
also yields Theorem 12.91 

2.4. Group equivariance of the Wishart laws. Let G{Q) be the linear auto- 
morphism group { (? € GL{n, R) ; gQ = Q} oi Q. For an r2-positive quadratic map 
q : M™ — )■ M.^ and g G G{i^), the quadratic map g oq : M™ — )• M" is again fi-positive. 
It is easy to see that the Riesz measure /i^og is the image of fig hj g, that is, 

(2.18) /igo,(A) = /i,(^"M) 

for a measurable set A C M". Let us discuss the Wishart laws 'jgoq,e for 6 G —Q*. 
For 7] G (M'")*, we denote by (7*77 the linear form rj o g e (M")*. If 77 G f2*, then 
g*rj G VL* because (y, g*vi) = {gy, r/) > for y G fi \ {0}. We observe 

(2.19) L,^{g*9)= [ e^i(-^^^*'^dx= [ e^^^'^^'^^^'Ux = L^^JO). 

Therefore, denoting by 1a the characteristic function of a measurable set A C M", 
we have 



%o,AA) = 7 ^ / Ug o g(a:))e<^°«(^)'^>cix 

(2.20) 

= -^^^ I l.-A(g(x))e<''(-)'^*^)dx = ig,M9^'A). 

We restate fl2:20D as follows. 

Lemma 2.11. Let g he an element of G{Q). If a random variable Y obeys the 
Wishart law 'jg^e, the law of gY is 7^09, (g-i)*0- 

Let qi : M™' — t- M" (z = 1, . . . , t) be ^-positive quadratic maps, and q the virtual 
quadratic map gf '^^ © ■ ■ ■ © qf^* with si, . . . , s^ G M. Then we define g o q to he the 
virtual quadratic map {g o gi)®''^ © ■ ■ ■ © ((? o g^)®'^*. 
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Proposition 2.12. If the Riesz measure fiq exists, then the Riesz measure figoq exists 
and equals the image of fig by g. Moreover ■jgoq^(g-i)*e is the image of jq^e by g. 

Proof. Let /i' be the image of fiq by g. For 6 G —Q*, we have 

(2.21) L,,{e)= [ e^y''^fi'{dy)= [ e^^^'^V.l^y) = / e^''^*'^ f,q{dy) = L,^{g*e). 

Jr" JR" JR" 

By fl2:T2|) and (EH, the last term equals IlLi ^/.,(^*^)'' = Ul=iLf,,,,^{9y\ Thus 
we get L^,>{9) = HLi L^,^^^^{9y' which means /i' = figoq by (|2.12p. 

Let 7' be the image of •jq^e by (7. Similarly to (I2.2ip . we have Ly^rj) = L-y^g{g*ri) 
for r] G -{g-^ye - Vt*, while L^^^^^ ^^_^^,^(r/) = L^^^^,{g*v) by Lemma EH On the 
other hand, we see from Proposition 12.71 that 

t t 

j=l j=l 

Thus we get Ly(?7) = L^_^^_^ ^^_^^^^(?7), so that 7' = 7goq,{g-i)*e by the injectivity of 
the Laplace transform. D 

Let Aut(r2, q) be the set of pairs {gi,g2) G G (Q) x G L{m,M) for which gioq = qog2. 
Then Aut(r2, q) forms a Lie subgroup of GL{n, R) x GL{m, M), and we have a group 
homomorphism 

pvi : Aut(l],g) 3 (^1,^2) ^ ^1 e ^(f]). 
The condition {gi,g2) G Aut(r2,g) is also equivalent to 

(2.22) 4>MV)='92MV)92 (^e(M")*). 
Then we obtain 

(2.23) det(Pq{g*r]) = Cdet<j)q{r]) (r; G (M")*) 

with G = (det (72)^5 which means that det 0^(77) is a relatively invariant polynomial 
on (M")* under the contragredient action of pri(Aut(r2, g)). The following proposi- 
tion describes a transformation rule of the family of the Wishart laws {'-/q^g}gQ-n* 
under the group pri{Aut{Q, q)). 

Proposition 2.13. For a measurable set A C M" and {gi,g2) G Aut(r2,g), one has 
(i) f^qigi^A) = l^gioqiA) = |det5f2rV<?(^); 
(ii) lg,gte{A) = %A9iA)- 
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Proof, (i) Because of fl2.18p . we only have to show the second equahty. By 
definition, we have 



fig^ogiA) = / lAigioq{x))dx= / lAiq o g2{x)) dx 

Putting x' = g2X, the last term equals 

|det5f2r^ / lA{q{x'))dx' = \detg2\~^fiq{A), 

whence (i) follows. 

(ii) By ^M), we get for y eM.'^ 

lq,gie{dy) = lgroq,e{gidy) = j^fig.oqigidy), 

Since Hg^oq = \ detg2\^^iJiq by (i), the last term equals 

^{giyfi) 
—— — I det g2\~^ ^iq{gidy) = -fq,e{gidy). 

|det5f2| ^ixqV^) 

Hence (ii) is verified. D 



§3. Homogeneous Case. 

3.1. Homogeneous quadratic map. An r2-positive map q : W^ — ^ R"^ is said 
to be homogeneous if, for any y, y' G ^2, there exists {gi,g2) ^ Aut(r2,g) for which 
giV = y'- III other words, q is homogeneous if pri(Aut(g, fi)) acts on Q transitively. 
In this case, ^2 is clearly a homogeneous cone, that is, a linear group on M" acts on 
the cone Q transitively. Then the dual cone ^2* C (M")* is also a homogeneous cone 
on which the group pri{Aut{q,Q)) acts transitively by the contragredient action 
(|23j). We see from (12. ip and (I2.22p that the quadratic map q is homogeneous if and 
only if the associated linear map (pq : (R")* — )■ Sym(m,M) is a representation of the 
dual cone Q* in the sense of Rothaus [22j (see also [I5])- 

A typical example of a homogeneous cone is 11^ C Sym(r, R). For A G (^//(r, R), 
we denote by p{A) the linear map on Sym(r, R) defined by p{A)y := Ay^A {y G 
Sym(r, R)). Then the group p(G'L(r, R)) acts on 11^ transitively. Moreover, the 
linear automorphism group Gijlr) equals p(G'L(r,R)). We see that the quadratic 
map qr^s '■ Mat(r, s;R) — )■ Sym(r, R) in Example 2 is homogeneous. Indeed, we 
have a surjective homomorphism GL(r, R) x 0{s) 3 {A,B) H- {p{A), Tr^s{A,B)) G 
Aut(nr, qr,s), where Tr,s{A, B) is a linear map on Mat(r, s; R) given by Tr,s(v4, B)x : = 



15 

AxB-^ {x e Mat(r, s;]R)). Thus we have pri(Aut(gr,^, 11,,)) = p(G'L(r,]R)), which 
acts on Ilr transitively. 

For a subset / C {l,...,r}, we denote by q^ the restriction of g^,! : I^'' — ^ 
Sym(r, M) to the space R^ C M*^' defined in (12.61) . The map q^ coincides with 
q^2. in Example 3 with Z = Sym(r, M). Let us observe that q^ is homogeneous in 
general. Let P^ be the linear group consisting of A e GL{r, M.) for which AR^ = R^ . 
For example, if r = 3, we have 

/an ai2 ais' 

(3.1) P^^> = { A= { a22 a23\ ■,Ae GL{3, 

(332 033, 

'an 

(3.2) P^2,3} = ^ ^ = I ^21 a22 023 I ; ^ e ^^(3, 

^031 0,32 033^ 

Since we have a homomorphism P^ 3 A \-^ (pl^)? ^) ^ Aut(nj., g^), it is enough 
to show that p{P^) acts on H^ transitively. Put A; := jjJ and take a permutation 
matrix Wq E &r C. GL(r,'K) sending _Ri^-'=+i'---'''} onto R^ . Then we have P^ = 
y^^p{r-fc+i,...,r}y^-i^ and 



p{r-fc+l,...,r} 




AiEGL{k,R), A2EMat{r-k + l,k;: 
A3EGL{r-k + l,R) 



Since p{^-'=+i'---,»-} contains the group of lower triangular matrices, p(pi'"-'=+i'---'''}) 
acts on Llr transitively. Therefore p{P^) = p{wo) p{P^^^^'^^'''''^^) p{wo)~^ also acts on 
Ur transitively, so that q^ is homogeneous. 

Coming back to the examples (13. ip and ( 13. 2p . we note that q = q^^^ (Bq^"^'^^ is not 
homogeneous as Ha-positive quadratic map, while both q^^^ and q^"^'^^ are. Indeed, 
the image of q generates the space Z C Sym(3,M) in (12. 4p . Thus, if {gi,g2) G 
Aut(n3, q), then gi must preserve both Z and II3. Let us take y eH^XZ. Then gi 
does not send I3 E II3 to y because I3 E Z. Thus the action of pri(Aut(g, II3)) on 
lis is not transitive. 

On the other hand, if we regard g as a map from R^^^ © R^^'^^ to Z, then q 
is a homogeneous P-positive quadratic map, where V := Z nUr- In fact, since 
{p{A),A) E Aut(g^i>,P) n Aut(g^2,3}^p) ^^ ^ ^ p{i} p p{2,3}^ ^^ j^^^^g ^^^) ^ 

pri(Aut(g,P)). Therefore pri(Aut(g, P)) contains a group p{P^^^ fl P^^'^j) which 
acts on V transitively. 
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In Example 1, the quadratic map g : M^ — )■ 
in ( 12 ■2p is not a homogeneous cone ([T3]). 



p3 ; 



is not homogeneous because Q C 



3.2. Matrix realization of homogeneous cones. In this section, we shall dis- 
cuss a homogeneous cone realized as Vv = 2\; n Uj^ with Zy C Sym(A^, M) con- 
structed from an appropriate system V = {Vik} of vector spaces in a specific way 
explained below, following p^ section 3.1]. The investigation of such cones is fun- 
damental because all homogeneous cones are linearly equivalent to some "Py due to 
[H Theorem D]. 

Let us take a partition A^ = ni + n2 + ■ ■ ■ + Ur of a positive integer A^, and 
consider a system of vector spaces Vik C Ma.t{ni,nk]M.) {1 < k < I < r) satisfying 
the following three conditions: 

(VI) A e Vik, B G Vuj ^AB^Vij {l<3<k<l< r), 
(V2) A e Vij, BeVkj^A'BeVik {l < j < k < I < r), 
{Y3) A e Vik ^ A'A e Rln^ {l<k<l<r). 
Let Z^ be the subspace of Sym(A^, M) defined by 



/Yn 'Y21 



Z. 



j^i Y"} 



22 



\Yr\ Yr 



r2 



'Yrl\ 
'Y,2 

Y I 



Ykk = Vkklrik^ Vkk G M (fc 
Yik eVik (l<k<l<r) 



l,...,r) 



We set Pv := ^v n ^n- Then V\; is a regular open convex cone in the vector space 
Zy. Let Hi\f be the group of real lower triangular matrices with positive diagonals, 
and Hy a Lie subgroup of Hj^ defined by 



H- 



T21 T22 



V ■'- 



\Trl Tj 



r2 



\ 



tJ 



Tkk — tkk^nk^ tkk > (/C — 1, 

Tik eV,k (l<k<l< r) 



If T G Hy and y G Zx>, then p{T)y = Ty^T belongs to Zx> thanks to (V1)-(V3). 
Moreover p{Hy) acts on the cone Vy C Zy simply transitively (cf. [HI Proposition 
2.1]). 

Keeping (V3) in mind, we define an inner product on the vector space Vik (1 ^ 
/c < / < r) by the equality 



(3.3) 



A^A= {A\A)I, 



■ni 



•■ni 



{AeV 



Ik) 
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For y, y' E Zy, we set 

r 

(3.4) {y,y'):=Y.y^^y'kk + '^ E (^"^i^'^)' 

fc=l l<k<l<r 

where yuk and Yik (respectively y^;, and F/^) denote the components of y (respectively 
y'). Note that the inner product is not equal to iiyy' unless ni = ■ ■ ■ = n^ = 1. 
By this couphng, we identify the dual space Z^ with Zy. Let us observe that I^ 
belongs to the dual cone V^ of V^, that is, 

< (y, In) = yii + ■ ■ ■ + yrr {yeVv\ {0}). 

Indeed, since each y^k is a diagonal entry of the non- negative matrix y G Vx> \ {0}, 
we have ykk > 0. Suppose J2l=iykk = 0. Then y^^ = ■ ■ ■ = y^^ = and try = 
'Yl\=i^kykk = 0. This together with the non-negativity of y implies y = 0, which is 
a contradiction. 

For T G iJv, define p*(T) G GL{Zv) by (y,p*(T)7/) = (p(T)y,r/) (y, r/ G Zy). By 
[24], we have Py = { P*{T)In ■,TeHv}. Moreover, the map Hv 3 T v-^ P*{T)In G 
Py is a diffeomorphism. For q_ = (ai, . . . , 0"^) G C, we define the one-dimensional 
representation Xa ■ Hy ^ C^ by xAT) := (tn)^'"' • • • (^r-r)^'''- (T G i/y)- Note 
that any one-dimensional representation x of ^v is of the form Xg_, so that x is 
determined by the values on the subgroup A^ C H^ consisting of diagonal matrices. 

Let us give some examples. When rii = n2 = ■ ■ ■ = Ur = 1 and Vik = K for 
all 1 < fc < / < r, the conditions (V1)-(V3) are clearly satisfied, and we have 
Zy = Sym(r, M) and Vv = Hr- For the case r = 3, rii = n2 = n^ = 1, V21 = {0} 
and V31 = V32 = M, the space Z\; equals Z in (12. 5p . 

Let us set r = 3, rii = 2, n2 = n^ = 1, 

}, Vs, = {{0 v)-veR}, 
o\ 

/31 



yssj 



and V32 

(3.5) 

and 



V21 = 


{{v 0) ; 


V G 


0}. Then we have 




Z-^ = < 


(yu 
yu 
y2i 

\0 2/31 


2/21 



2/22 





2/31 





2/11, Z/22, 2/33, 2/21, 2/31 e 



(3.6) 



Pv = { 2/ ^ ^v ; 2/ is positive definite } 

= { '2/ G ^v ; 2/11 > 0, 2/11I/22 - (2/21)^ > 0, 2/112/33 - (2/31)^ > } 
which is exactly the Vinberg cone [2^ . 
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Set r = 2, 77-1 = ?T7, > 1, 77-2 = 1 and V21 = Mat(l, ttt,; 
fVii vi \ 



Then 



Z. 



yil Vm 
\vi ■■■ Vm 1/22/ 



yu, 2/22, Vi,...,Vm E 



(3.7) Pv = { y e Zv ; 1/11 > 0, yny22 - (viY 

so that we obtain the Lorentz cone of dimension m + 2. 



>0} 



3.3. Basic quadratic maps. Let W^ (i = 1, . . . , r) be the subspace of Mat(iV, rii] . 
consisting of matrices x of the form 






X 



Xu eVu {l = i + 1, 



For example, when ^y is the one in fl3.5p . we have 



,r) 



W^ 



W^ 




Xu, X21, X31 G 



3^22 e 




3^33 e 



while for the case that Z^ is the space Z in fl2.5p . we have 



W^v 



W,1 



Xii 

I ; xii, X31 G 



I ; a;33 G 
.2;33, 



, W^v 



3^22 I ; a;22, ^32 G 
.a;32, 



For T G -f/^v and x G H^y, we see from (VI) that Tx G VTy, which defines a 
representation Tj : i/y ~^ G'L(Vry). Since W^ C Mat(A^, rzj; M), we can consider the 
restriction g^ of the IlAr-positive quadratic map qN,ni '■ Mat(A^, n^; M) — t- Sym(A^, M) 
in Example 2 to the space Wy. Thanks to (V2) and (V3), we have qy{x) = x^x G Zy 
for X G W^. Then the quadratic map g^ : W^ 3 x \-^ x^x G Z\; is Py-positive. On 
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the other hand, we observe 

(3.8) q\;{n{T)x) = {Tx)\Tx) = p{T)q\,{x) {x eWl,, T e Hy), 

which yields the group homomorphism iJy ^ T \-> {p{T),Ti{T)) G Aut(Pv)?v)- ^^ 
follows that the quadratic map q\; is homogeneous. We call gy, . . . , gy basic quadratic 
maps for Vy. Recalling the inner product on Vik given by (13.31) . we define an inner 
product on the space W^ via the natural isomorphism 

(3.9) W^-R® 5^® Mi. 

Taking an orthonormal basis of Wy with respect to the inner product, we identify 
W^ with R'^(*\ where m(i) := dirnVTy. Then we consider the linear map 0y : 
Zy = Z^ — 7- Sym(?Ti(z),]R) associated to the quadratic map g^. Note that, if we 
write flu for dimVjj, we have m{i) = 1 + Yliyi^u- 

Proposition 3.1. (i) One has 

det Ti{T) = Xrn{i)/2{T) (T G Hv), 

where m{i) = (0, ■ ■ ■ , 0, 1, nj+i^j, . . . , riri) G V . 
(ii) For 7] = p{T)*In G Vy with T G Hv, one has 

det0v(r/) = Xrn{i){T). 

In particular, {t„)'^ = det0y(?7). 

(iii) For 1 < i < r, there exist integers Q+i^j, . . . ,Cri such that 

{tuf = detMr^) ■ {det<jy\;-\v)r^^-' " " " (det 0^^))'" 

[r] = p*{T)In ev;,Te Hv). 

(iv) One hasVv = {r]eZv] det ^^(r/) > (z = 1, . . . , r) }. 

Proof, (i) Since Hv 9 T i— )■ det rj(T) G C^ is a one-dimensional representa- 
tion, it is sufficient to check the equality for diagonal matrices T G Av. In this 
case, the isomorphism (13. 9 p gives the eigenspace decomposition of Ti{T), where M 
and Vii correspond to the eigenvalues ta and tu respectively. Therefore we have 

det Ti{T) = t,, n«>» tT = Xrn{i)/2{T). 

(ii) Thanks to (13. 3p . we have {x\x) = {qv{x),lN), which implies (Pv^In) = Im{i). 
Thus we get det<P\;{r]) = det </.t;(p(T)*/^) = {detTi{T)f = Xn,[€)iT) by i^^ and 

(iii) We see from (ii) that {tuY = det(f)v{r]) ■ (tj+i,j+i)~^"^+i'^ ■ ■ ■ (tr-r)"^"", whence we 
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can deduce (iii) recursively. 

(iv) It is known ([23l Chapter 3, Section 3] and [6l Section 1]) that a homogeneous 
cone is described as the subset of the ambient vector space consisting of points 
at which all relatively invariant (appropriately normalized) functions are positive. 
Thus the assertion follows from (iii). D 

Example 4. Let Vv be the Vinberg cone, that is, Zy is as in (13. 5p . Then we have 

0v(^) = ^21 r?22 , <pl{ri) = r/22, (^Uv) = V33 

\n31 ?733/ 

for r] e Zv. If 7] = p*{T)h for T G Hv, we have 

(tii)'(t22)'(t33)' = det 0^(r/), (t22)' = r/22, (tss)' = ^33, 

so that 

2 _ det (/>{;(//) _ {ri2iY (r/3i)^ 
l^iij — — r)ii . 

'722'733 ^22 te 

On the other hand, we have by Proposition 13.11 (iv) 

V^ = {r] e Zv; ?7ii?722'733 - 'n33{V2i)^ - ri22{'nzif > 0, ^22 > 0, 7733 > } . 
Therefore, if Z is the space in (12. 5p . the linear isomorphism 

fvn ?72i \ 



?733 ?73i 

^ I r/22 '721 I e Z 
,^31 ^21 ^11, 



?7ii ?73i 

^21 ?722 

V ?73i 7733/ 

gives a bijection from Py onto V = Z n U^,. The adjoint map l* : Z* ^ Z^ = Zy 
gives the matrix realization of the Vinberg cone Q, as the homogeneous cone Py 

3.4. Standard quadratic maps and iZ-orbits in Py We call the maps gf; {e_ G 
{0, l}*", £7^ (0, . . . , 0)) standard quadratic maps. They are of particular importance 
among the virtual quadratic maps gf; = {q\;)®'^^ © ■ ■ ■ © (o'v)®'^'' (s = (si, . . . , s^) G 
M''). Let us denote by J(e) the set { 1 < i < r ; e^ = 1 }. We identify q^ with a 
direct sum Yl%i(e) ^v °^ ^^^ space VTy := X]ie/(e) ^v- Recalling (13. 9p . we have the 
isomorphism W^ ~ X]i6i'(£)(-'^ ® ^^i "'^'i)' which enables us to describe y = q^{x) G 
Zy [x G W^) as the matrix composed of the blocks 

(3.10) Yij,= Yl ^'^'^fc* (l<A;</<r), 

i<k, iel(e) 
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where Xa := Xalm for i G I{e). For the case I = k, we have Y^fc = ykkluk ^^icl 

(3.11) l/fcfc= Y. ii^'^^ii' 

i<fc, JG/(e) 

thanks to (13.31) . where we put ||Xjj|| := \xii\. For each x G W^, let T^. G Mat(A^, M) 
be a lower triangular matrix whose (A;,i)-block component is X^i for k > i with 
i G /(£), and other components are zero. Then we have 

(3.12) q^{x)=T^'T,. 

For example, if r = 3 and e = (1, 0, 1), then an element x of W^ = W^ © W^ is of 
the form 

Xii = Xiilni, ^33 = 3;33/n3 

Xii, X33 G M, X21 G V21, X31 G V31 



x 




and we have 

X21 I GMat(X,: 

. X31 ^33^ 

For e G {0, 1}'^, let E^ be the element of V given by 

and Og the ffy-orbit p{H^)E^ C ^v through ii^e. In particular, the orbit O(o,...,o) 
is the origin {0}, while C(i,...,i) = p^Hy)!^ equals the cone Vy. It is shown in [HI 
Theorem 3.5] that the ify-orbit decomposition of the closure Vv is given as 

£6{0,1}'- 

Proposition 3.2. If e ^ (0, . . . , 0), the image of the quadratic map q^ equals the 
closure C^ of the orbit O^. 

Proof. Let W^'^ be the subset {x eW^] Xii> Q {i e I{e_)) } of W^. For y = 
p{T)Ee_ = TE^^T G Os^ with T G H^, we take a unique x G W^^^ ^'-'^ which Tj, 
equals TE^^. Then we have y = q^{x) by f l3.12p . Conversely, for any x G W^' , we 
put T := Tx + 1 — E^ & Hy so that gy (a;) = TE^'^T G O^. Therefore we obtain O^ = 
Qvi^v^)- On the other hand, putting W^'* ■= {x E W^; xu ^ (z G I{e_)) }, we 
see easily that q^{W^'*) = q^{W^' ). Since W^'* is an open dense subset of W^, 
the orbit (9^ is dense in the image of the quadratic map q^, which is necessarily 
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closed. Indeed, introducing the projective imbedding iy of a vector space V by 
iv -.V 3 y ^ [l,y\ eW ■= {^xV \ {(0,0)})/R^, we can extend gf; : W^ ^ Zv 
to the map q^ : PWy 3 [t, x] i— )■ [t^, gv(a;)] G P^v because q^{x) 7^ for a; 7^ 0. The 
image q'v(PW^v) i^ compact, so that qy{Wy) = i^zliqv(P^v)) ^^ closed. D 



Remark 3.3. In the proof of Proposition 13. 2[ we see that the quadratic map q^ gives 
a surjective map from W^' onto Oe- The map is also one-to-one thanks to [TT| 
Lemma 3.3 (ii)], while the map q^ : W^'* — > O^ is 2''-'^(-^-to-one. Actually, a large 
part of the content of this section is presented in language of normal j-algebra in 
[TTl Sections 3 and 4]. 

We define the representation r^ : H\; — )■ GL(W^) as the direct sum of the repre- 
sentations (tj, W^) of Hi; for i G I{e). Then we have by (13. 8 p 

(3.13) ?9(^.(^)a;) = PiT)qU^) {x eW^,Te H^), 

which implies that q^ is homogeneous. 

The open set W^' C W^ is preserved by the action of t^{Hx'). We put 

-R+fe) '■= {u = (mi,. . .,Mr-) e M''; Mi = (if ej = 0), Mj > (if e^ = 1) }• 

For u G -R+(£), let A^| be the measure on W^' given by 

A^£^^ N TT r2(a;ii)2"'-idxii -p-r rfX/i ) 

ie/(e) ^ ' l>i 



TJu) 



(3.14) = I^IBIM};^ dx {x G W^'^), 



where Tj,u) = tt'^'^^v/^ Jl^^^ 2^- When u = e/2, the measure A^f/2 equals a 
constant multiple of the Lebesgue measure, that is, Ai^,^{dx) = 2^^^'^TT~'^^^^v/'^dx. 
We define p{e_) := (pi(e),P2(£), • • • ,Pr(£)) by 

l>k 

Lemma 3.4. (i) For a measurable set A C W^' , one has 

Mi{r,_{T)A) = x^+p(,)/2(T)A1|(A) (T G i/v)- 
(ii) One has 
(3.15) /" e-l'^l''>l|(rfx) = 1. 
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Proof, (i) If x' = tJT)x G Wy with x G Wy , we have x'^^ = tuXu for i G /(e) 
Thus 



(3.16) n (^^^)'"~' = :^M-./2(r) n ' 

ie/(e) *G/{£) 

On the other hand, we observe that 



\2ui-l 



dx' = I detTe_{T)\dx = ( H det ri(T))cia;, 



i6/{e) 

and the last term equals (rije/fe) Xm(i)/2{T) \dx by Proposition 13.11 (i). Since 

r 

^ m(z) = ^eim(z) = e + p(e), 

JG/(e) J=l 

we have dx' = Xe/2+p{e)/2iT)dx, which together with (13.161) implies (i). 
(ii) By definition, we have 

iG/{e) l>i 

Thus the left-hand side of (I3.15P equals 

Therefore we obtain (I3.15p from J^ e"""^"" dXu = vr*^"/^ and J^ e~^^") {xuY'^^'^dx, 



II 



T{ui)/2. U 



Remark 3.5. Lemma E3] tells us that e"''^''' Jvl^^dx) is a probability measure on 
Wy . Actually, we see from the proof that if X- is an Wy -valued random vari- 
able with the law e~"^" A^|((ix), then its components are independent and satisfy 
\/2Xfr ~ A^(0, /„;.), and {^/2Xf[f' ~ x^(2Mi), where x^('w) denotes the chi-square law 
with the density 2~"r(u/2)~^e"*/^t"~^ (t > 0). We shall see later that any Wishart 
law associated to a homogeneous quadratic map is the image of this measure by an 
appropriate quadratic map. 



3.5. Gindikin-Riesz distributions. For o_ = (ai, . . . , Cr) G C, we denote (cr^, . . . , ai) 
by ^*- Let A* be the function on the cone Py given by 

(3.17) A:(p*(T)/^) = X^*(T) (TeHv). 
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By Proposition 13.11 (ii) and (iii), A*(?7) can be expressed as a product of powers of 
the polynomials det 0y (77). Putting 

E^_:= ■■. eZv 

\ VrlnrJ 

for 7] = (?7i, . . . ,r]r) G IR>0' ^^ have 

(3.18) AUE,) = {r^^rir^^r-^ . . . ivrr . 

For each a G C, Gindikin ([6], [7]) constructed a tempered distribution TZ^ G iS'(Zv) 
whose Laplace transform L-n^ (9) = TZg_{e^y'^'^ ) is given by 

(3.19) LnM = ^*^A-0) {de-V*y). 

We call TZa_ the Gindikin-Riesz distribution on the homogeneous cone Vy. The 
support of TZg_ is contained in Py, and 7?.^ is relatively invariant under the action of 
p{H\;), that is, 

(3.20) 7^^(/op(T)) = X-^(T)7^^(/) 
for T G i/v and / G 5(Zv). 

Proposition 3.6. For non-zero e G {0, l}'^' and u G -R+(e), put g_ := u +p{s)/2. 
Then lZg_ is the image of A^| by the standard quadratic map q^ . 

Proof. By 03.19|) . it is sufficient to show that 

f ^m^m MUdx) = A%, (-9) 

for 9 G — Py. Take T G -f^v foi' which 6* = —p*{T)Ij~^. Then the left-hand side is 

by (13.131) . and it is equal to 

X-(M+Pfe)/2)(r) / e-'^'^vi^^M M^idx) 



I 

Jw 



by Lemma [nm (i) . Since {q^ix),!^) = ||a;||^ by (13. lip , we see from Lemma |3^ (ii) 
that 

Mi^m _^|(^^) ^ x-(^+pfe)/2)(T) = AV(-^). 



/ ^ 



V 

n 
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We set 

S(e) := {g: = u + p{e)/2 ; ue R+{e)} 

= {aeW;a,= p,{e)/2 (if e, = 0), a^ > p,{e)/2 (if 5^ = 1) } . 

If e 7^ (0, . . . , 0) and a G H(e), then 7lg_ is a positive measure on the orbit C^ by 
Proposition 13.61 For the case e = (0, . . . , 0), we have S(0, . . . , 0) = {(0, . . . , 0)} and 
"^(o.-.-.o) is the Dirac measure at the origin {0}. It is proven in [H] that they exhaust 
all the cases that TZ^ is a positive measure. 

Theorem 3.7 ([HI Theorem 6.2]). The Gindikin-Riesz distribution TZg_ is a positive 
measure if and only if g_E H := U^grg ijr S(^)- Moreover, if g_E H(e), then TZg_ is a 
measure on O^. 

The parameter set S is also described as 

r 

^ £i(0' ■ ■ ■ ' 0) ^j' ni+i^i/2, ..., nri/2) ; e^ G {0, 1}, u^ > (i = 1, . . . , r) 

3.6. Riesz measures and Gindikin-Riesz distributions. Let us investigate a 
relation of the Riesz measures yUg associated to homogeneous "Py-positive quadratic 
maps q and the Gindikin-Riesz distributions on Vy. 

Proposition 3.8. For z = 1, . . . ,r, one has Hqi = 7r'"'-*^/^7^m(i) ■ 

Proof. /^From Lemma [2.11 and Proposition 13.11 (ii), we have 

(3.21) L (6) = 7r-«/2 det M-Or'^' = 7r™«/^A*_„(,),/2(-e) (9 G -P^), 
which implies the statement. D 

Assume that there exists the Riesz measure fi^ associated to a virtual quadratic 
map g§ = {q^;)®'' © ■ ■ ■ © (gv)®'^ By ( 12121) and ([321]), we have for 6 G -V{; 

i=l 

We put 

r 1 ^ 

(3.22) ^ •= 5Z ^iWiij)/'^ ^ 2 ^ ^'^^' • • • ' 0' 1' ni+i^i, ■ ■ ■ , n^). 

i=l i=l 

Then the equality above can be rewritten as 
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where |a| := ai + - ■ ■ + ar. Thus fi^s. equals 7r^-^TZg_, so that a belongs to E{e) for some 
e G {0, 1}'' owing to Theorem 13. 7[ The converse argument is also valid. Therefore 
we obtain 

Theorem 3.9. For a virtual quadratic map q^ = (g-J;)®*^ © ■ ■ ■ © (q'v)®'*'', there exists 
the associated Riesz measure ^^ if and only if g_ := X]I=i ■^«ZI^(^)/2 belongs to S. 
In this case fx^s. = n^-^TZg_, and there exist e E {0,1}^' and u E R+{s) for which 
g_ = u + p{s)/2. If e 7^ (0, ... , 0), ^^s. is the image of the measure vrl-'A^I on Wy by 
the standard quadratic map g|. 

Let q : M™ — )■ Zy be any homogeneous Py-positive quadratic map. As is noted in 
Section 3.1, the group pri(Aut(7'v; q)) acts on the cone Vv transitively. Assume first 
that pri(Aut(Pv) ?)) contains p{Hy). Then the polynomial det 0^(77) is relatively 
invariant under the action oi p{Hy) by f l2.23p . Namely, for each T E Hy, there exists 
ct > such that det (f)q{p* (T)ri) = ct det <t>q{vi) (jj E (M")*). It is easy to see that the 
correspondence Hy 3 T \-^ Ct E M>o is a one-dimensional representation, so that we 
have Ct = XmiT) for some m E W. Thus det 0g(p*(T)J„) = Xm,(T) det0q(/Ar) for 
T E Hy, which means that det 4>q{ri) = CA*^, (r/) for rj E Vy, where C := det (j)q{lN)- 
By (13181) . we have 

which gives a practical way to determine rui. Indeed, we see from this formula 
that nii are non-negative integers. Comparing the degrees of both sides, we obtain 
m = nil + ■ ■ ■ + ^r- Similarly to Proposition 13.81 we have 

(3.23) ^Iq = c-l/V™/27^^/2. 

Let us consider the virtual quadratic map q®'^. The associated Riesz measure exists 
if and only if srn/2 E S, and in this case 

fiq(Bs = G ' IT ' l-Csrn/2- 

As for the general case, we have the following result. 

Proposition 3.10. Let q : M™ — )■ Zy be a homogeneous Vy -positive quadratic map. 
Then there exist g^ E G(Vy), mETU, and C > for which 

The Riesz measure fiqSis associated to the virtual quadratic map g®^ exists if and only 
if srn/2 E S. In this case, p,q<ss equals the image 0/ C~'^/^7r'""/^7^sm/2 by go. 
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Proof. We note that pri{Aut{V\;,q)) acts on the cone Py transitively, and that 
the identity component of pri(Aut(Pv! ?)) equals the identity component of an al- 
gebraic group (cf. [151 Theorem 2]). It follows that an Iwasawa subgroup (max- 
imal connected split solvable subgroup) "H oi pri{Aut(Vv,q)) acts on Vv simply 
transitively (|2Sl Chapter 1]). Since "H is also an Iwasawa subgroup of G(V\;), it 
is conjugate to another Iwasawa subgroup p{Hy) C G{Vv)- Namely, there ex- 
ists go E G(Vv) for which gQ^T-Lgo = p{Hy). Let q' be the "P-positive quadratic 
map g^^ o g : M"" -). Zy. We have ^^'(t]) = 4>q{{%^)*v) fo^' V ^ (M")* because 
^x(f)q'{ri)x = {q'{x),r]) = (g(x), (fi'o'^)*'?) = ^x(pq{{go^)*'n)^ fo^ ^ ^ J^™- It is easy to 
see that 

Ant{Vv,q') = { {9o'9i9o,g2) G GL{Zv) x GL(M™) ; (^i, (72) G Aut(Pv,g) } • 

Then pri{Aut{Vv,q')) = go^priiAut{Vv, q))go^9o^^go = p(^v)- Thus we can 
apply the argument preceding Proposition 13.101 for q', so that we have 

det<l>,i{g^'rv) = det<l>Av) = CA^*(^) 

with some G > and m G Z^. Moreover ix(q')s>s equals G~^^'^T{^'^/'^lZsm/2 if sm/2 G S. 
Since g®^ = go° {q')®'^, we get the last statement from Proposition 12. 121 D 

Proposition I3.1UI states that the Riesz measure fig associated to a homogeneous 
q is equal to some Gindikin- Riesz distribution up to a linear transform on G{Vv). 
On the other hand. Theorem 13.91 tells us that if a Gindikin-Riesz distribution is 
a positive measure, then it equals a Riesz measure associated to the virtual sum 
1v ~ (Qv)®^^®' ■ ■©(q'v)®*'' of basic quadratic maps up to a constant multiple. For ex- 
ample, let us recall the homogeneous fl^-positive quadratic map g^ : i?^ — > Sym(r, M) 
with I C {l,...,r} and the permutation matrix Wq E &r C GL^r^M.) in Sec- 
tion 3.1. Putting go := p{wo), we have q^ = go ° qi'''~''+^ '■■■'''} (A; := [jj)^ while 
q{r-k+i,...,r} jg exactly the basic quadratic map q^~''~^^ for Z^ = Sym(r, M). There- 
fore, the Riesz measure fi(„i)(Bs exists if and only if (0, ... , 0, s/2, . . . , s/2) G S, that 

k 

is, s G {0,1, . . . ,k — 1} U {k — 1, +00). In this case, P(qi)(Ss equals the image of 

7r''/^7?.(o,...,o,s/2,...,s/2)= /i|,^r-fe+i)e, by go. 

Let gi : M'"^ — )• Zy and g2 : M™^ — )■ Zy be two homogeneous Py-positive quadratic 
maps. As we have seen in Section 3.1, the direct sum gi © g2 is not necessarily ho- 
mogeneous. Let us assume that the group pri{A\it(Vv,qi)) ^pri{Aut(Vv,q2)) acts 
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on Vv transitively. In this case, we see easily that gi © g2 is homogeneous. As in 
Proposition l3.10[ we can take qq E G{Vv) for which gQp{Hxi)g^^ C pri(Aut(Pv) ?i))n 
pri(Aut(Pv,g2)). Then we have det0q,((^(^^)*r/) = Ci^*^{ri) a.nddet<pq^{{g^^)*ri) = 
C2A'^„{ri) for 77 G (W^)* with some Ci, C2 > and m', m" G Z^. Now we consider 
a virtual quadratic map q = g®*^ © 5®*^- We see that the associated Riesz mea- 
sure fig exists if and only if sim/ + S2rn"/2 G H, and in this case, fig is the image 
of Ci^^' €2^^ 'n'^^'^"^'^~^'^^"^^^^'^T^{sirn'+s2rn")/2 by Qo- Obviously, the same argument is 
valid for general quadratic maps q = gf"*^ © q®^'^ © ■ ■ ■ © gf"**. 

3.7. Bartlett decomposition of the Wishart laws. Let g : M'" -> Zy be a 

homogeneous "Pv-positive quadratic map. Then the Wishart law 7^51 {6 G —V^) is 
the image of the normal law A^(0, (f){—6)~^) on the vector space M"^ by the quadratic 
map g/2, see Remark [2.31 

However, this description of the Wishart law does not permit us to determine its 
support in general. In this section, we shall give another construction of the Wishart 
random matrices , which is a generalization of the Bartlett decomposition ([2], [201 
Theorem 3.2.14]) and has the advantage of controlling the support of the underlying 
Wishart law. Moreover, the result is valid for virtual quadratic maps. 

First we consider the virtual quadratic map gf; = (g-J;)®*^ © ■ ■ ■ © (gy)®'^'' whose 
associated Riesz measure /i^ exists. Then a = ^l^i Sim{i)/2 belongs to S and we 
have jjigS. = ttI-IT^ct by Theorem 13. 9[ Moreover, we have L^ ^{6) = vr'-lAl^, (— 0). 
Therefore we obtain from (12. 8 p that 

(3.24) ^g.^,{dy) = e^y''^AU-e)n^{dy) {y G R^- 

We remark that distributions of this type are considered in [10] for the case when 
V\; is a symmetric cone. Assume that 7^=51 is not the Dirac measure. Then 
a 7^ (0, . . . , 0), so that we can take a non-zero e G {0, l}*" and u G R+{^) for which 
g_ = u + p{e)/2. Recall the standard quadratic map g^ : W^ — )■ Z^ and the subset 
W^' C W^ introduced in Section 3.4. As noted in (I3.12p . each element x G W^' 
is identified with a lower triangular matrix T^ for which q^{x) = T^^T^. Thus, the 
W^' -valued random variable X- in the following theorem can be regarded as a 
triangular random matrix, similarly to the Bartlett decomposition of the classical 
Wishart distribution. 

Theorem 3.11. Let g_ = u + p{e)/2 and X- be an Wy -valued random variable 
whose components are independent and satisfy {X^Y ~ X^(2^i) o,ndXf[ ~ N{0, /„,.) 
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for i G I{e) and I > i. 

(i) The Wishart law 7^ _/^ is the law ofY = q^{X-)/2 and is supported by O^. 
(ii) For 9 = —p{T)*lN € —Vy with T G Hy, the Wishart law '^qS-^g is the law of 
Y' = p(T)^^ o g^(X-)/2 and is supported by O^. 

Proof. For a measurable function / on Zy, we see from (13.241) and Proposition l3.6l 
that 

f{y)%--iAdy)= [ f{y)e-^y''-^n^{dy)= [ /(g§(a;))e-<^vW>^-) A^|(rfa;). 

Since (gy(x),/Ar) = ||a;|p, by the change of variable of x by x/\/2, we rewrite the 
last term as 

/ f{q^{:x)/2)e-\\^\\'''Mi{dx/2). 

Keeping the Remark 13.51 in mind, we see that the law of the random variable X- is 

g-INII /2 _A/f|(c?x/2). Hence (i) holds. To show (ii), it suffices to check that 7^=51 is 
the image of 7gf; -/^v ^-Y p{T)~^. Since -fg±_i^{dy) = e''^y^^^'^nj^dy), we have 

7^,_,,(p(r) dy) = e-<''(^)^'^->7^.(p(T) dy) = e^y''>x^{T)n^{dy) 

by (13.201) . Therefore (I3.24p together with ( I3.17p leads us to the assertion (ii). D 

Now we consider the Wishart distribution 7g®s 5), where g is a general homoge- 
neous Py-positive quadratic map. First we show a refinement of the first part of 
Proposition 13.101 

Lemma 3.12. Let q : M™ — )■ Zy be a homogeneous Vy-positive quadratic map, and 
9 an element of —Vy. Then there exist qq G G{Vv), m^ 7/ and C > for which 



(3.25) det Ui%rv) = CAliv) {v e V- 



V) 



and gQ9 = —I 



N- 



Proof. It is shown in the proof of Proposition 13.101 that there exists ao G G{Vv) 
for which aop{H\;)aQ^ C pri{Aut{V\;,q)). Since —al9 G V^, we take Tq G i/y 
for which p*{To)In = -al9. Put g^ := a^piT^)'^ G G{Vv). Then gop{Hy)g,' C 
pri{Aut(Vv, q)) and (7q^ = p*{To)^^aQ9 = —In- Similarly to Proposition EUHl we see 
that go together with an appropriate m and C > satisfies the required properties. 

D 

Assume that there exists the Riesz measure PgSs associated to a virtual quadratic 
map g®**, and that PqS>s is not the Dirac measure. Then we can take non-zero 
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e G {0, l}*" and u G R+{£) such that srn/2 = u + p{s)/2 as in Theorem 13.91 Using 
these data together with qq in Lemma I3.12[ we obtain the Bartlett decomposition 
of the Wishart distribution •ygms^g. 

Theorem 3.13. Let sm/2 = u+p{s)/2 and X- he the W^' -valued random variable 
in Theorem \3.11[ Then the Wishart law 'jgms^Q is the law of Y = g^ o g|(X-)/2. 

Proof. Put q' := g^^ o g®''. As is seen in the proof of Proposition 13.101 the 
Riesz measure /i(q')®s equals C^^'^TT^"^''^7lsm/2- Thus, similarly to the proof of The- 
orem [3111] (i), we see that 7(g/)©s ./^(rfy) = e~^y'^'^^TZsm/2idy), and that 7(g')e3_7^ 
is the law of F = q^{X-)/2. Since g®'' = go ° (o'')®'*) Theorem 13.131 follows from 
Proposition ETT^ D 

We have seen that Riesz measures and Wishart laws associated to a homogeneous 
quadratic map are obtained (up to linear transforms as in Proposition 13.101 and 
Theorem I3.13P as the ones associated to a virtual quadratic map q^ = {qy)^'^^ © 
■ ■■ © ((Zv)®**'', that is, a virtual sum of basic quadratic maps. However, it does 
not mean that every homogeneous quadratic map is equal to a direct sum of basic 
quadratic maps. The structure of homogeneous quadratic maps is more rich than 
the maps generated by basic quadratic maps. Let us study the following example. 

Example 5. Let Herm(2, C) be the vector space of Hermitian matrices of size 2, 
and Q C Herm(2, C) the subset of positive definite matrices. Then we see that 

so that Q is the 4-dimensional Lorentz cone. Recalling (13. 7p . we have the linear 
isomorphism 

. : Herm(2, C) 9 5^^ ''' ~''') -^ { y, vA e Zy 

which gives a matrix realization of Vt. Let us consider the quadratic map g : C^ 9 
z I— !■ z^z G Herm(2, C), which is clearly fi-positive. We have a group homomorphism 

GL(2, C)3 A^ (p(A), A) G Aut(fi, g), 

where p{A) G G'L(Herm(2, C)) is defined by p{A){Z) := AZ^A {Z G Herm(2,C)). 
Since p(GL(2,C)) acts on Q transitively, the quadratic map g is homogeneous. 
Keeping the natural isomorphism C^ ^ M^ in mind, we define the quadratic map 
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R^ -^ Zv by 
q{x) 



^ Xi+ 1X2 

ioq\ 



{Xif + {x2f 



(X1X3 + X2X4) - i(XiX4 - X2X^] 
(X1X3 + X2Xi) + z(XiX4 - X2X-i) {xzY + (^4)^ 

(Xi)2 + {X2f 

(Xi)2 + 

X1X3 + X2X4 X1X4 — 

Then we have 

for 7] G Z\i. It is easily checked that the map (pg o l : Herni(2, 
Jordan algebra representation. For rj ^ Q* we have 



,iv) 





X1X3 


+ 


X2X4 ' 


{X2f 


X\Xi 


— 


3:23:3 


X2X2. 


i^sY 


+ 


M% 


(m 





V3 


v.\ 


u 


Vi - 


-r]. 


I V3 


^/3 


-Va 


V2 


u 


V^4 


V3 





V2J 



-> Sym(4, M) is a 



(3.26) 



L,^{-V) = n\det<PMr'^' = ^'(^1^2 - iVs? - (^4)^)^^ 



by Lemma 12. 1[ On the other hand, the basic quadratic maps g^ : Wy — )■ Zy 
1, 2) are given by 





xi 
xi 




X1X3 
ql \ xi\ = \ {xif X1X4 

^Xs Xi) \XiX^ XiXi (X3)2 + (X4)2 



^^ 



0\ 


/O 


= 


= 00 


X2) 


VO (X2)2 



so that we have for r] G Z^ 



Vi V-i Vi 

Vs V2 

,Vi r/2. 



^v(^) 



^2- 



Thus we obtain 

(3.27) V, (-77) = n'/'iv2r'^'iviV2-iv3r-iv4rr'^^ 



"/^„2 



-r/) 



TT 



1/2 



(^2 



-1/2 



for ?7 G Py. Comparing 03.26P and 03.271) . we see that /ig = /i(gi)e20(g2)®(-2), whereas 
the quadratic map q is by no means equal to the virtual quadratic map (gy)®^ ® 



(g2)©(-2). We see also from (Km and (13:271) that // 



'?e(g?,)ffi2 - /^(gl,)®2 



whereas the 



two (true) quadratic maps q © (q'y)®^ and (gy)®^ do not coincide even up to linear 
transforms go G G{Q), as the domains of these maps are different. 

Therefore two different quadratic maps may correspond to the same Riesz mea- 



sure. 
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3.8. Density function for the non-singular case. Since the orbit (9^ = 
p{H)E^ is contained in the boundary dV\; of the homogeneous cone Py unless e = 
(1, . . . , 1), the Gindikin-Riesz distribution TZg_ is a singular measure for a G H(e) 
with e^ (1, . . . , 1) thanks to Proposition 13.61 On the other hand, if a G S(l, . . . , 1), 
that is, 

ai>Pi/2 (i = l,...,r), 

where Pi := Pi{l, • • • , 1) = Ylii>i'''^iii then the Gindikin-Riesz distribution is an ab- 
solutely continuous measure with respect to the Lebesgue measure, and the density 
function is given explicitly in [6J as follows. 

Noting that the group H^ acts on Vv simply transitively, we define the function 
A^ : P ^ Cx for a = (ai,...,a,) G V by A^(p(T)/^) := XajJ) (T G Hv). 
For y = p{T)In = T^T E Vv, we can express Ag_{y) as a product of powers of 
principal minors of y (cf. [H p. 122]). Define d = {di, . . . ,dr) G Z^'/2 by dk '■= 
1 + i^i>k '^ik + Ylii<k '^A:i)/2. Then A^d{y)dy gives a G'(Pv)-invariant measure on V 
([6l Proposition 2.2]). Take a G S(l, . . . , 1). We see from [6l Theorem 2.1] that the 
integral 

converges and equals 7r('^™^v-'")/2 Y[l^^ r(crj — Pi/2). By ^ Proposition 2.3], we see 
that 

(3.28) n^i^dy) = ^^dy (yeVv). 

Owing to (13.241) and (13.281) . we conclude the following proposition. 

Proposition 3.14. Let q^ = (g-J;)®*^ © ■ ■ ■ © (o'v)®*'' be the virtual quadratic map 
such that a = Yll=i Sim{i)/2 belongs to S(l, . . . , 1), that is, ai > Pi/2 (i = 1, . . . ,r). 
Then one has 

(3.29) 7. (rfy) = — — dy [yen 



V 



Vv^ 



Note that the formula (I3.29p served as a definition of a Wishart law in [1]. 
Example 6. Let Zx> be the space defined in (13. 5p . If y = piT)!^ = T^T G Vy with 
T G ifv, then we see easily that 

yii = (tll)^ 1/112/22 - (2/21)^ = (tll)^(t22)^ 2/112/33 - {y-iif = (tufitssf, 
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SO that A^{y) = {hif'^' {122?^^ {h^f^^ equals 



(2/11)"^""^"'^^ (2/112/22 - {y2ifr{yim^ - iy-y^'''"' 



J31) 



On the other hand, we have (pi, p2, Pa) = (0, 1, 1) and (di, ^2, d^) = (2, 3/2, 3/2). 
Thus we have by f l3.28p 

^ ,. ^ _ iyur-'''-'''^\yiiy22 - {y2ifY'-'i\yiiyz, - jysirr^'^' , 

'<'ia^,.,,a,)[ay) - 7rr(ai)r(a2 - l/2)Tia, - 1/2) ^ 

if (Ti > 0, o"2 > 1/2 and cts > 1/2. Let us consider the Wishart laws associated 
to the virtual quadratic map (ql;)®'^, where g-J, : W^ — )■ Z^ is the basic quadratic 
map. Since m{l) = (1, 1, 1), we observe that sm(l)/2 G S if and only if s G 
{0,1} U (l,+oo). If s = 0, the associated Wishart law is the Dirac measure. If 
s = 1, the associated Wishart law 7^1^51 {0 G —V^) is described as the image of the 
normal law A^(0, 4'\;{—6)^^) on W^ = M.^ by the quadratic map q^/2, where 0v(~^) 
is given in Example 4 after Proposition 13.11 

If s > 1, then sm(l)/2 = (s/2, s/2, s/2) belongs to S(l, 1, 1). Since 

^*srn{ir/2iv) = det 0^(77)^/2 ^ (^^^^22^733 " te(^2l)' " ^722(^731)')'^' {V ^ K)^ 

we have for 9 = —7] G —V^ 



e <^''^> {rinV22V33 - ^33(^21)^ - ^22(^31)^)'' 



7(,t)e.,,(rfy) - ^r(./2)r((.-i)/2)r((s-i)/2) "" 

X (2/11)^-^/^(2/112/22 - (2/2i)')(^-')/'(2/ii2/33 - (2/3i)')(^-'^/'rf2/ (2/ e Pv) 
by Proposition 13.141 
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